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Abstract. In this paper we give two explicit relations among 1-cycles modulo rational 
equivalence on a smooth cubic hypersurface X. Such a relation is given in terms of a (pair 
of) curve(s) and its secant lines. As the first application, we reprove Paranjape's theorem 
that CHi(X) is always generated by lines and that it is isomorphic to Z if the dimension of 
X is at least 5. Another application is to the intermediate jacobian of a cubic threefold X. 
To be more precise, we show that the intermediate jacobian of X is naturally isomorphic to 
the Prym-Tjurin variety constructed from the curve parameterizing all lines meeting a given 
rational curve on X. The incidence correspondences play an important role in this study. 
We also give a description of the Abel-Jacobi map for 1-cycles in this setting. 

1. Introduction 

Let X C P^, where n > 3, be a smooth cubic hypersurface in projective space over an 
algebraically closed field k. In this paper, we are going to study relations among 1-cycles 
on X. We explain the main theorem (Theorem 14. 2|) of this paper in the following special 
situations. Let C G X he a general smooth curve on X. Then there are finitely many lines, 
Ei C X, meeting C in two points. These lines will be called the secant lines of C. The first 
relation we get is 

(2e -3)C + = const. 

in CHi(X), where e = deg(C). A second relation is about a pair of curves on X. A simple 
version goes as follows. Let Ci and C2 be a pair of general smooth curves on X. Then there 
are finitely many lines, Ei C X, meeting both Ci and C2. These are called secant lines of the 
pair (Ci,C2). Then our second relation reads 

2e2Ci + 2eiC2 + '^Ei = const. 

in CIIi(X), where ei = deg(Ci) and 62 = deg(C2). In all cases, the right hand side is a 
multiple of the class of the restriction of a linear to X. Note that in these relations the 
dimension of X does not appear in the coefficients and they hold in all characteristics. As an 
application, we reprove the following theorem of K.H.Paranjape, see [Parj (Proposition 4.2). 

Theorem 1.1. Let X/k be a smooth cubic hypersurface as above. Then the Chow group 
CHi(A) of 1-cycles on X is generated by lines. When dim A > 5, we have CHi(A) = Z. 

If A C P|; is a smooth cubic threefold with char (A;) 7^ 2, then CIIi(A) is well-understood. 
Let Ai(A) C CIIi(A) be the subgroup of 1-cycles algebraically equivalent to zero modulo 
rational equivalence. Then Ai(A) is isomorphic to the intermediate jacobian J(A) of X. 
A precise definition of the intermediate jacobian will be given in Section 5, Definition 15.41 
Roughly speaking, J(A) is the universal abelian variety with a principal polarization into 
which Ai(A) maps. One important feature is that for any algebraic family Z — t- T of 1-cycles 



2010 Mathematics Subject Classification. 14C25, 14N25. 

Key words and phrases. Cubic hypersurface, 1-cycles, intermediate jacobian. 

1 



2 



MINGMIN SHEN 



on X, there is an induced Abel-Jacobi map '■ T J{X), which is a morphism between 
varieties. Associated to ^t, we also have ipT ■ Alb(T) — > J{X), which is a homomorphism 
of abehan varieties and is also called the Abel-Jacobi map. There are two ways to realize 
J{X) from the geometry of X. If we use F = F(X) to denote the Fano surface of lines on 
X. Then the Albanese variety Alh{F) of F carries a natural principal polarization and the 
Abel-Jacobi map induces an isomorphism between Alb(-F) and J{X) as principally polarized 
abelian varieties. A second realization goes as follows. Let / C X be a general line on X. 
Then all lines meeting / are parameterized by a smooth curve A of genus 11. The curve A 
carries a natural fixed-point-free involution whose quotient is a smooth plane quintic A. Then 
the associated Prym variety Pr(A/A) is naturally isomorphic to J{X). 

As another application of the above natural relations, we give a third realization of the 
intermediate jacobian J{X) as a Prym-Tjurin variety. We refer to Tju , [BM] and |Kanj for 



the basic facts about Prym-Tjurin varieties. Let C C X he a general smooth rational curve. 
We use C to denote the normalization of the curve parameterizing all lines meeting C. Then 
let Du = {{[h], [h]) £ C X C} such that li and I2 are not secant lines of C and that li and 
I2 meet transversally in a point not on C. We take D to be the closure of Du in C x C, 
which can be called the incidence correspondence on C. Then D defines an endomorphism i 
of J = J{C). Our next result is the following. 

Theorem 1.2. Let X/k he a smooth cubic threefold and assume that char(A;) 7^ 2. Let C , C , 
J and i be as above. Then the following are true. 

(a) The endomorphism i satisfies the following quadratic relation 

{i-l){i + q-l) =0 

where q = 2deg(C). 

(b) Assume that char(A;) f q. Then the Prym-Tjurin variety P = Pr(C,i) = lm.{i — 1) C J 
carries a natural principal polarization whose theta divisor S satisfies 

Qj\p = qE 

(c) Assume that char(/c) f q. Then the Abel-Jacobi map tp = tp^j : J — > J{X) factors through 
i — 1 and gives an isomorphism 

uc:{PT{C,i),E)^{J{X),Qj^x)) 

Remark 1.3. This is a simplified version of Theorem 16. 4[ When C is a general line on X, 
the above construction recovers the Prym realization of J{X). 

We next study how the above construction varies when we change the curve C. Let Ci and 
C2 be two general smooth rational curves on X. Let D21 = {{[h], [h]) € Ci x C2} such that 
li meets 12- We view D21 as a homomorphism from Ji to J2. 

Proposition 1.4. Assume that char(/c) | qiq2- Then the following are true 

(a) The image of D21 is Pr(C2,i2)- The homomorphism D21 factors through ii — 1 and gives 

an isomorphism 

t2i : (Pr(Ci,ii),Hi) ^ (Pr(C2,i2),H2) 
(h) The isomorphism t2i is compatible with Ud, namely ° ^21 = uCi- 

We also get a description for the Abel-Jacobi map for a family of 1-cycles. Fix a general 
smooth rational curve C C X such that char(A;) f q. Let C X x T be a family of curves on 
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X parameterized by T. Assume that for general t (z T, there are finitely many secant lines Lj 
of the pair {C,^t)- Then the rule 1 1— )■ defines a morphism 

Proposition 1.5. Let notations and assumptions he as above. Then the image of j is 
contained in Pr(C, i) C J. The composition uc o ^j, j is identified with the Abel-Jacobi map 
associated to ^/T. 

We summarize the structure of the paper. In section 2, we review the theory of secant 
bundles on symmetric products. We state the results in the form that we are going to use and 
all proofs are included for completeness. Section 3 is devoted to the construction and basic 
properties of residue surfaces associated to a curve or a pair of curves. Those surfaces play an 
important role in later proofs in section 4. In section 4, we state and prove our main theorem 
on relations among 1-cycles. We also derive Paranj ape's theorem as a corollary. Section 5 is 
a review on basic results on Fano scheme of lines and the intermediate jacobian of a cubic 
threefold. In section 6, we show how one can realize the intermediate jacobian of a cubic 
threefold as a Prym-Tjurin variety described above. 

Acknowledgement. The author would like to thank C. Vial for many interesting discussions, 
B. Totaro for reading the manuscript and R. Friedman for informing the author of many use- 
ful references. The author thanks the referee, whose suggestions significantly improved the 
exposition of this paper. This work was carried out during the author's first year of Simons 
Postdoctoral Fellowship. He would like to thank Simons Foundation for this support. 

Notations and conventions: 

1. G{r,V) is the Grassmannian rank r quotient of V; S'r is the canonical rank r quotient 
bundle of V on G(r, V); 

2. ¥{V) = Proj(Sym* V) = G(l, V); 

3. G{ri,r2,V) is the flag variety of successive quotients of V with ranks r2 > 

4. N{e,g) = '-^ + 6-6g; 

5. We use = to denote numerical equivalence; 

6. A general curve on X means that it comes from a dense open subset of the corresponding 
component of the Hilbert scheme of curves on X; 

7. For two algebraic cycles Di and D2, an equation Di = D2 can mean equality either as 
cycles or modulo rational equivalence; 

8. For P,Q ¥{V) distinct, we use PQ to denote the line through both P and Q. 



2. Secant bundles on symmetric products 

Most of the results in this section are special cases of that of |Matt j . We state the results 
in the form we need and include the proofs for completeness. Let C be a smooth projective 
curve over an algebraically closed field k. We use C^^^ to denote the symmetric product of 
C. Let TT : C X C ^ C*^^^ be the canonical double cover which ramifies along the diagonal 
Ac C C X C. For any invertible sheave ^ on C, we define the symmetrization of .if 

to be 7r*p|.if on C^'^\ where pi : C x C ^ C is the projection to the first factor. For example, 
if ^ = cjc then ^(^) ^ Jl^j^, . 
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To compute the Chern classes of (^(^), we describe several special cycles on C^'^\ Let 
X € C be a closed point. We define 

(1) = 7r,({x} xC) CC(2) 

If = ^ is an effective divisor on C with Xi ^ xj for different i and j, we write 

(2) Da = '^D^^, a'^] = ^7r*(xi,Xj), (5*o = ^ 7r*(xi, Xj) 

i<j 

Here 6 = tt o Ac : C C^^\ Note that the definition of can be extended linearly to all 
divisors. The projection formula implies 

Dx ■ Dy = Tr^:{x X C ■ 7r*7r*(j/ x C)) 

= Tr^:{x X C ■ {y X C + C X y)) 

= 7r*(x,y) 

for any x,y € C. Then we easily get 

(3) (Z)a)2 = <5,a + 2o[2] 

Let Ao = ci{7r,Ocxc) m CHi(C(2)). 

Assume that ^ is very ample and for some V C ll^{C,^), it defines a closed immersion 
i : C ^ F{V). Note that any two points x and y on C define a line i{x) i{y) (the tangent line 
at i{x) if X = y). This defines a natural morphism : C^^^ — )• G(2, V). Let F (8) Oq(2,v) ~* ^i 
be the universal rank 2 quotient bundle. 

Proposition 2.1. 1/Fe /ia?;e an isomorphism S'{^) = ip*S'2. 

Proof. If we view G{2,V) as the space on lines in P(V^), then by pulling back the universal 
family of lines, we get the following diagram 



c(2) 

and we have ip*S'2 = 7r*/*C'p(v/)(l). The fiber 7f"^(t) is the line ip{t) G G{2,V) and / is the 
inclusion of the line into P(y). Note that there are two distinguished points x and y on the 
fiber Tr~^{t) = i{x)i{y), where t G C^^^ is the point 7r{x,y). Those distinguished points form 
a divisor D on ¥{(p* {£'2)). By choosing an isomorphism D = C x C, we can assume that 
/|_D = i°Pi and tt\d = vr. Then /*C'p(v')(l)|£) = ^*C'p(y)(l) = Pi-^- Consider the following 
short exact sequence 

^ ® rOp(y)(l) /*Op(v)(1)|d ^ 

Apply Rtt^: and note that the left term restricts to 1) on each fiber of vr, we get ip*S'2 = 

7r,/*Op(y)(l) ^ 7T,pl^ = <r(if). □ 

Corollary 2.2. H^e have the equality C2(c9'(-Sf)) = a^^' in is a general 

element of the complete linear system \^\. 

Proof It is known from Schubert calculus (see [Fulj 14.7) that 02(^2) is represented by the 
cycle defined by the space of all lines that are contained in a hyperplane H C ¥{V). When 
H is chosen to be general, then a = i*H is an element of |^| such that aPl is defined. Then 
we have C2{^{^)) = C2{'f*<§2) = 95*02(^2) = al^l □ 
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For very ample we take a general section s G H'^((7, ^) write a = div(s) = Yli=i^ij 
where d = deg^. The section s defines a short exact sequence 

O^Oc ^ ^ ®f=i<Xi) 

Pull the sequence back to C x C via pi and then apply Rtt^^, we get 

^ MOcxc) ^ ^{^) ^ ®i=lOD,, 

Since tt^OcxC admits a nowhere vanishing section "1", the second Chern class of tt^OcxC 
is zero. Hence we have c{tt^^Ocxc) = 1 + Aq. Take total Chern classes in the above exact 
sequence and note that c(Od.) = j^^, we get 



.(<f(^)) = (i+Ao)n(3--^^: 

1=1 

d 



1=1 

d 

2 

Xi 

i=l 

d 



i=l i=l i<i<j<d 

= ! + (£>„ + Ao) + (Ao • Da + 6,a + a'^]) 

Hence we get 

(4) ci(<f(if)) = Z)„ + Ao, C2(^(^)) = a[2l+Ao-I?a + (^*a 
Compare this with the above Corollary, wc have the following 

(5) Ao • = -<5*a 

Now let ^1 and ^2 be two very ample line bundles on C with degrees di and d2 respectively. 
Pick a general section Sj G lP{C,^i) where i = 1,2. Set 

di d2 

Oi = div(si) = ^ Xj, 02 = div(s2) = y^j/i 
i=l 1=1 

As before, we can use S2 to construct the following short exact sequence 

^ ^1 ^2~' ^1 ®fil'^(y^) ^ 

Similarly, after applying i?7r*, we get a short exact sequence on C^^^ 

^ ^(^1 ® ^-') ^ '^(^1) ^ ®f=iCD,. ^ 

One easily computes the Chern classes as follows 

d2 

c(<r(^i ® ^^^)) = (1 + + Ao + afl) - 

i=l 

J2], 



= (l + Z)ai+Ao + 4'')(l-i^„, 
= l + (Ao + L'ai-^a2) + (af' 

We summarize the above discussion into the following 



1 + (Ao + Da, -Da,) + (afl + - Ao • D^^ - D^, ■ D^^] 
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Theorem 2.3. Let C he a sm,ooth projective curve and ^ he a invertihle sheaf. Let ai, 02 
and a he effective divisors on C such that each is a sum of distinct points with multiplicity 1. 
Let S = (#'(jSf) be the symmetrization of ^ . Then the following are true 

(a) If ^ = Oc{ai — 02), then the following equalities hold in the Chow ring of C^^\ 

(6) cii^) = Ao + Da, - Da, 

(7) C2(<r) = af^ + afl + <5*a2 - Da, ■ Da, 

(b) The following identities hold in the Chow ring of C^^\ 

(8) Da-Da = d^a + 2a^'^\ 

(9) Da-Ao = -(5* a 

(10) 2Ao = -7r*(Ac) 

(11) 2Ao • Ao = -S,Kc 

Proof. Only the last two equalities need to be proved. By construction we have the following 
exact sequence 

^ Ocxc ^ ttV^OcxC ^ Ocxc(-Ac) ^ 

This implies that 7r*Ao = ci(7r*7r*C'cxc) = -Ac- Hence -tt^Ac = 7r*7r*Ao = 2Ao and by 
projection formula we have 2Ao ■ Aq = — 7r*Ac • Aq = 7r*(Ac • Ac) = —5^Kc. □ 

3. Residue surfaces 

Let X C P", n > 4, be a smooth cubic hypersurface over an algebraically field A;. In this 

section we will construct so called residue surfaces associated to a curve or a pair of curves 

onX. Let y = H°(X,Ox(l))• 
Let C C X be a complete at worst nodal curve on X. Note that C might be disconnected. 

If X G C is a nodal point, let Jlx be the plane spanned by the tangent directions of the two 

branches at x. 

Definition 3.1. A line / on X is called a secant line of C if, (first type) it meets C in two 
smooth points (which might be infinitesimally close to each other); or (second type) it passes 
through a node x and lies in the plane IIj, and also it is not a component of C; or (third type) 
it is a component of C for some node x E I we have ■ X = 21 + 1' for some line I'. 

3.1. Residue surface associated to a single curve. Throughout this subsection, we make 
the following assumption. 

Assumption 3.2. The curve C C X is smooth irreducible of degree e > 2 and genus g. 

Furthermore, C has only finitely many secant lines. 

We want to produce a surface on X which is birational to the symmetric product of C. 
First we fix several notations. Set ^ = Ox(l)|c and S = C^^\ As in the previous section, 
we have a morphism : S ^ G(2, V) with S" = f*S'2, where S" = (f(^) is the symmetrization 
of ^ and £"2 is the canonical rank 2 quotient bundle on G(2, V). Set P = P((5 ), then we have 
the following diagram 

D<^ ^ P — ^ F{V) 
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such that a fiber of vr maps to a fine on ¥{V) and D = C xC with flu = pi and tt = vtId being 
the canonical morphism from C x C to C^^^. See the previous section for more details. Let 
a € \^\ be a general hyperplane section, and Aq = ci{7r^Ocxc) as before. Set ^ = ci(/*0(l)). 
By Theorem 12.31 it is easy to get the following 

(12) Kp/^ = ciK) = #*ci(<f ) - 2e = r (D„ + Ao) - 2^ 
Apply Rn^ to the following exact sequence 

^ Op{-D) ^ Op ^ Od^O 

and we get the following short exact sequence 

^ **Op = Oe ^ Tr*On ^ R}%^Op{-D) 

By relative duality, we have 

R^^,Op{-D) ^ {n,0{D + Kp/e))* ^ {^,0{D - 2^ + ^D^ + **Ao))* 
Hence by taking the first Chern classes we get 

Ao = ci(^*Od) = ci{R^n,Opi-D)) = -ci{^,0{D - 2^ + ^D^ + r Aq)) 

Note that D — 2^ is the pull back of some class from S, say D — 2^ = 7r*D' . Then the 
projection formula implies 

n^O{D -2^ + + r Ao) = 0{D' + D^ + Aq) (g) ^^Op = 0{D' + D^ + Aq) 

Combine the above two identities, we have 

(13) D = 2C-r{D^ + 2Ao) 

Let s G H0(P(y),Op(y)(3)) = Sym^ F be the de gree 3 homogeneous polynomial whose zero 
defines X C F{V) = Then 

div(/*s) = D + S 

for some surface 5 in P. 

Definition 3.3. The surface S together with the morphism <j) = f\s : S ^ X is called the 
residue surface associated to C C X. 



Note that the class of D + is 3^, we combine this with (|13p and easily get the following 
(14) S = C + r{Da + 2Ao) 

The following lemma was proved in |HRSj (Lemma 4.2). Here we give a different proof. 

Lemma 3.4. Counting with multiplicities, there are N{e,g) = ^^^\ '^^ +6 — 65 secant lines 
ofC. 

Proof. Let a = 7r\s : S ^ Ti. As a divisor on P, the surface S defines a invertible sheaf 
Op{S) together with a section sq. Then sq can be viewed as a section of tt^Op{S) and the 
zero locus of this section is exactly the scheme Bq of lines on X that meet C in two points. 
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To compute the length of Be, it suffices to compute C2(vf*C'p(S')). From (fill) , we know that 
n^Op{S) = <^ (g) Oj:{Da + 2Ao). It follows that 

C2{n,Op{S)) = ci(^) • (D„ + 2Ao) + C2(^) + {D^ + 2Ao)2 

= {Da + Ao){Da + 2Ao) + + (D, + 2Aof 

= 2Dl + 7Da ■ Ao + 6A2 + al^l 

= 5e(e - l)/2 - 5e + 6(1 - 5) = iV(e, 5) 
Here = denotes numerical equivalence. □ 

Definition 3.5. We define the multiplicity, e{C;l), of a secant line / to be the length of Be 
at the point [I]. The curve C C X is well-positioned if it has exactly N{e,g) distinct secant 
lines or equivalently all secant lines are of multiplicity 1. 

Proposition 3.6. Assume that C is neither a line nor a conic. Then the following are true 

(1) The surface S is smooth if and only if C is well-positioned. If C is well-positioned, then 
S is the blow-up ofT, at N{e,g) points. 

(2) Assume that C is well-positioned, then the following equalities hold in CHi(5), 

N{e,g) 

(15) ^l5 = 2a*Z?„ + 3a*Ao- 

i=l 
N(e,g) 

(16) L'|s = 3cT*L'a + 4(7*Ao-2 ^ E, 

1=1 

N(e,g) 

(17) 5|5 = 3a*Z)„ + 5a*Ao- ^ Ei 

i=l 

where o" : 5 — )• S is the blow up, and Ei are the exceptional curves. 

Proof. (1) Since (7 = 7r|5:S'— T'Sis isomorphism away from the exceptional locus Ei, and 
each Ei corresponds to a line on X that meets C in two points. Let E be one of those EiS 
which meets C in points Pi and P2- Let {x,y) be a set local parameters of S at cr{E). We 
use [To : Ti] to denote the homogeneous coordinates of E with Pi = [0 : 1] and P2 = [A : 1]. 
Then we have 

f*s = Q{Tq,Ti) ■ {u{x, y)To + v{x, y)Ti) 
in a neighborhood of E where Q{T{),Ti) is a quadratic form in Tq and Ti with 

Q\{x,y)=(Ofi) = Tq{Tq - XTi). 

Hence the local equation for S is uTq + vTi = 0. Thus S is smooth along E if and only if 
{u,v) generate the maximal idea of cy{E) in E. The last condition is the same as Tti:{f*s) 
has a simple zero at cr{E) as a section of 7r*(Op(S')). Hence S is smooth if and only if C is 
well-positioned. 

(2) By adjunction formula, we have 

Ks = [Kp + S]\s = (rKj, + ifp/s + [S])\s = a*K^ + a*{2Da + 3 Aq) - 
On the other hand S is the blow up of S and we have 
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Compare the above two identities, we get 



^\s = a*{2D^ + 3Ao)-J2E^ 



Hence D\s and S\s can be computed easily using ([T3|) and 



□ 



3.2. Residue surface associated to a pair of curves. In this section we fix two at worst 
nodal complete curves ii : Ci ^ X of degree ei and genus gi and 12 ■ C2 ^ X degree 62 
and genus g2- Let C = Ci U C2 C X he the union. We allow Ci and C2 to meet each other 
transversally at xi, . . . ,Xr which are smooth points on each curve. If Ci and C2 do meet, we 
use Ilj = Ha;, to denote the plane spanned by the tangent directions of Ci and C2 at the point 

Definition 3.7. A line I C X is called a secant line of the pair (Ci,C2) if / is a secant line 
of Ci U C2 but not of Ci nor of C2. 

We fix the following assumptions for the remaining of this subsection. 

Assumption 3.8. Both Ci and C2 are smooth irreducible. There are only finitely many 
secant lines of the pair (Ci,C2). If one of the curves is a line, then they do not meet each 
other. 

Let ^1 = Oxil)\ci and ^2 = C'x(l)|c2- By sending (x,y) G Ci x C2 to the line 
ii{x)i2{y) C P(V^), we get a rational map c/jq : Ci x C2 --^ G(2, V). The point Xj G Ci D C2 
determines Xi G Ci x C2, i = 1, . . . ,r, which form the locus where 990 is not defined. Let S 
be the blow up of Ci x C2 at the points Xi and Fi be the corresponding exceptional curves, 
i = 1, . . . , r. Then ipQ extends to a morphism 



such that (p\Fi parameterizes all lines through Xj lying on the plane Ilj. This can be easily seen 
from the local description of the map (pQ. Let ta be the local parameter of Ca at Xj, a = 1, 2. In 
homogeneous coordinates, the line ^1(^1)^2(^2) can be parameterized by {1 — X)ui{ti) + \u2{t2) 
where A is a local coordinate of the line. Note that ni(0) = ii2(0) = a as vectors of V* . Hence 
ui = a + tivi{ti) and U2 = a + t2V2{t2)- Hence the above parametrization can be written as 



A neighborhood of Fi has two charts. On the chart with coordinates [x = ti,y = t2/ti) we 
define ^{x, y) to be the line parameterized by 



and on the chart with coordinates {x' = ti/t2,y' = t2), we set f{x',y') to be the line param- 
eterized by 

ui + \{x'vi{x'y') - V2{y')) 

This gives the morphism as an extension of (p^. 

Let S = 99* (32. The definition of (/? implies that on S — UF, the sheaf S" is isomorphic to 
p\^i ©P2-^2- We also note that ip{Fi) is a line (with respect to the Pliicker embedding) and 
hence ci{S) ■ F^ = 1. Combine the above two facts, we have 



: S ^ G{2,V) 



Ui + X{tiVi{ti) - t2V2{t2)) 



ui + \{vi{x) - yv2{xy)) 



r 



(18) 




i=l 
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The Schubert calculus tells us that C2((f2) is represented by the Schubert cycle parameterizing 
all lines contained in a hyperplane. This gives 

(19) C2{^) = 01 X 02. 

Here Oi G and 02 € \^2\ are general elements from the corresponding complete linear 
systems. We are also viewing Oi x C2, Ci x 02 and Oi x 02 as cycles on S. Let 

P — l^p(v) 
E 

be the total family of lines over S. The morphism tt admits two distinguished sections Di C P 
and D2 C P corresponding to points on Ci and C2 respectively. It is easy to see that Di and 
D2 meet above Fj. Let D = Di + D2. If s G Sym^V is the homogeneous polynomial that 
defines X, then f*s can be viewed as a section of C'p(3) = /*C>p(y)(3), whose zero defines 

div(/*s) = D + S 

for some divisor S C P. 

Definition 3.9. The surface S together with the morphism (j) = f\s : S ^ X is called the 

residue surface associated to the pair of curves Ci and C2. 

In order to determine the divisor classes of D and S, let ^ = ci(Op(l)), where Op(l) = 
f*Op(y){l)- Let TT = ttId : -D — >■ S. Consider the following short exact sequence 

^ Op{-D) ^ Op ^ Od^Q 

By applying Riit, to the above sequence, we get 

^ Oe = 7f*Op ^ tt^Od ^ R^TT^Op{-D) 

By duality, R^tt^Op{-D) = {Tr^O{Kp/s + D))* = (7f*Op(-2^ + D + 7f*ci((f )))*. Hence we 
get 

D = 2^- rci(^) - rci{TT,OD) 

Note we have the following short exact sequence on D, 

^ OoA-J^Fi) Od ^ Od, 

Here we view Fi as divisors on Di by identifying Di with S. By taking direct images, we 
have 

^ Os(- E F^) t^*Od Oe ^ 

and it follows that ciItt^Od) = —^2^1- This gives the class of D by 

r 

(20) D = 2^- 7f*(ai X C2 + Ci X 02) + 2 5^ ^Fi 

i=l 

Since D + S = 3^, we get 

r 

(21) 5 = e + 7r*(oi X C2 + C1 X 02) -2^rFi 

i=l 

Lemma 3.10. Counted with multiplicity, there are 5eie2 — 6r secant lines of the pair (Ci,C2), 
where r is the number of points in which the two curves meet each other. 
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Proof. The surface S gives rise to a section sq of Op{S). Then sq can also be viewed as a 
section of tt^Op{S), whose zero locus defines the scheme -Bci,C2 of secant lines of (Ci,C2). 
By (i2T]l . we easily see that 



= ^ (g) Pi * ifi p^^2 ® Cs(- X] ^0 

Hence one easily computes 

C2{^^Op{S)) = 5ai X 02 + 6( Fi)^ = 5eie2 - 6r 

This implies that the length of -Bci,C2 is 5eie2 — 6r. □ 

Definition 3.11. For each secant line / of (Ci,C2) we define the multiplicity, e{Ci,C2',l), of 
/ to be the length of Bc^,C2 the point [/]. The pair (Ci,C2) is called well-positioned if it 
has exactly 5eie2 — 6r distinct secant lines, namely all the secant lines are of multiplicity 1. 

Proposition 3.12. Let Ci and C2 be two smooth complete curves on X as above. Then the 
following are true. 

(1) The residue surface S associated to (Ci,C2) is smooth if and only if the pair (Ci,C2) is 
well-positioned. In that case, S is a blow up ofT, at 5eie2 — 6r points. 

(2) Assume that (Ci,C2) is a well-positioned pair. The following equalities hold in CHi(5) 

r 5eie2— 6r 

(22) Cl5 = 2a*(ai XC2 + C1 xa2)-3j^a*F,- ^ 

i=l 1=1 
r 5eie2— 6r 

(23) D\s = 3a*{aixC2 + Cixa2)-4Y^a*Fi-2 ^ Ei 

i=l 1=1 
r 5eie2— 6r 

(24) S\s = 3c7*(ai X C72 + Ci X as) - 5 ^ a*Fi - ^ F^ 

i=l 1=1 

where a = 'k\s : — > S is the blow up and Ei are the exceptional divisors of a. 

Proof. The statement (1) follows from direct local computation as before. For (2), note that 
under the assumption, S is a smooth surface. By adjunction formula, 

r 

Ks = {Kp + S)\s = a* - C\s + 2a* {ai XC2 + C1 xa2)-3^a*Fi 

i=l 

On the other hand the blow-up gives 

5eie2— 6r 

1=1 

We easily get C|s by comparing the above two equalities. The other equalities follow easily. □ 



4. Relations among 1-cycles 

In this section we assume that X C ¥{V) = is a smooth cubic hypersurface. We want 
to investigate the cycle classes represented by a curve on X. 

Let Hilbe,g(X) be the Hilbert scheme of degree e genus g curves on X. Let = 7i'^'^{X) 
be the normalization of the reduced Hilbert scheme (Hilbe,g(^))red- We use Z C X x Vf'^ 
to denote the universal family over T-i^'^ . Note that Z is nothing but the pull back of the 
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universal family over ]iilhe^g{X). Let W'^ C "H"^'^ be the open subscheme of all points [C] 
whose corresponding curve C is well-positioned. When W^'^ ^ 0, we define 

Yq = {{x,[C]) £ X X W'^ : X e / for some secant line I of C} 

and take Y = Yq C X x H^'^. We need to generalize the concept of secant lines. 

Definition 4.1. Let [C] G H^'^ be a closed point. If the fiber Y^c] = U£^j is purely one 
dimensional. Let Ei be Ei with the reduced structure. Then we call Ei a generalized secant 
line of C with multiplicity e{C;Ei) being the length of E^ at its generic point. For a pair 
(Ci, C2) of curves on X, a generalized secant line I of the pair is defined to be a generalized 
secant line of Ci U C2 with multiplicity e(Ci, C2; Z) = e{Ci U C2',l) — e(Ci; I) — e{C2', I)- If the 
above multiplicity is 0, we do not count I as a generalized secant line of the pair. 

Let T*^'^ C Ti*^'^ be the open subset of all curves (including reducible ones) that have finitely 
many generalized secant lines. Then we have W^'^ C T^'^. We use U^^-^ C 7^^^ C 'H'^q to 
denote the corresponding subsets of the component containing the point [C] . 

Theorem 4.2. Let X C be a smooth cubic hypersurface of dimension at least 3. Let h 
denote the class of hyperplane on X. 

(a) Let [C] G 'H'^'^{X) be a connected curve of degree e and genus g on X. Assume: (al) 
C is not a line; (a2) C has finitely many (generalized) secant lines E^, i = l,...,m, with 
multiplicity ai = e{C;Ei). Then we have 

m -. 

(25) (2e -3)C + J2 ^i^i = {^{e - l)(3e - 4) - 2g)h''-'' 

1=1 

in CHi(X). 

(b) Let Ci and C2 be two connected curves on X with degrees ei and 62 respectively. Assume: 
(bl) C\ and C2 only meet each other transversally at r smooth points Xi,...,Xr; (b2) any 
component of Ci or C2 containing any of the Xi's is not a line; (b3) (Ci,C2) has finitely 
many (generalized) secant lines E^, i = 1, . . . ,m, with multiplicities ai. Then we have 

m 

(26) 262^1 + 2eiC2 + ^ aiEi = (3eie2 - 2r)/i"-2 

1=1 

in CHi(X). 

(c) Let L C X be a line and C C X be an irreducible curve of degree e on X. Assume: (cl) 
L meet C transversally in a point x; (c2) C has finitely many (generalized) secant lines; (c3) 
the pair {L, C) has finitely many (generalized) secant lines Ei with multiplicity ai, i = 1, . . . ,m. 
Then 

m 

(27) (2e - 1)L + 2C + ^ OiEi = (3e - 2)h''-^ 

i=l 

in CHi(X). 

Corollary 4.3. For smooth cubic hypersurfaces of dimension at least 2, the Chow group 
CHi(X) is generated by the classes of all lines on X. If dim X > 3, then algebraic equiva- 
lence and homological equivalence are the same for 1-cycles on X. For dimX > 5, we have 
CHi(X) ^ Z. 
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Proof, (of Theorem 14.2^ First, we will prove both statements (a) and (b) in a similar way, 
under the additional assumption that the curve C (resp. Ci and C2) is (are) smooth and 
C (resp. the pair (Ci,C2)) is well-positioned. Consider the following situation. Let S be a 
surface together with a morphism 93 : S — )■ G(2, V) and a diagram as follows 



DUS' 



Y 



X 



lY 



P 



-^G(i,2,y)^Up(y) 



S — ^G(2,y) 

where all the squares are fiber products. Let (p : S X and cp' : D X he the natural 
morphisms. Assume that the image of D in X is at most 1 dimensional and the image of S 
in X is 2 dimensional. Then one computes 

4>*S = p'^iD + S) = p'jyif^P = i\p^(p^P = {p^(p^P)\x 

Note that p^(p^P = a[p3] in CH3(P(y)) for some integer a > 0. It follows that 0*5" = a/i"-^. 
Let ^ = ci{Op{l)) where Op{l) = (^*p*Op(v/)(l). Then by projection formula, we get 

(28) <PMs) = ^*(t>*h = h-(t>^S = a 

Namely (p^Cls is an integral multiple of Let 21 be a divisor on S. By construction 

^'An\D + ^*2l|5) = 'f*n\Y = 7rV*2l|y 
By applying p'^ , we get the following 



(29) 



X 



bh 



n-2 



for some integer b. 

To prove (a), we take S to be C^'^^ and S to be the associated residue surface. We know 
that D = C X C and cp' = pi- We take 21 = in ([29]) . where a C C a general hyperplane 
section of C. Recah that Da = (■7f|D)*(ci x C) is defined in ([2]). Note that (p'^in* Daln) = 
(p'^{a X C + C X a) = e[C], we know that 

M^*Da\s) = -e[C] + {---)h^-^ 

Similarly, in (j29p if we take 21 = Aq (see section 2 for the definition of Aq) and note that 

cP:{n*Ao\D) = -[C], we get 

M^*^o\s) = [C] + {---)h^-' 
Put all these in to the equality for ^[5 in Proposition 13. 6| we have 

(2e - 3)[C] + Y,^i = -MC\s) + {■■■ = multiple of /i"-^ 

We know that the degree of is 3, hence by comparing the total degrees of the two sides 
of the above equality, we see that the right hand side is (l/2(e — l)(3e — 4) — 2g)h'^~'^. 

For (b), we take S to be the blow-up of Ci x C2 at the points where the two curves meet. 
We use the notations from Proposition 13.121 First we notice a*Fi maps to a singular plane 
cubic whose class is This is because the image of a*Fi in X is the intersection of Hj and 
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X. Then we take 21 = ai x C2 + Ci x a2 in ([29]) and note that (^'^(7f*2l|z)) = 62 [Ci] + ei[C2], 
we get 

Ma*^) = -62 [Ci] - ei[C2] + (• • • 
We put this relation into the equahty for .^j^ in Proposition 13.121 and get 

2e2[Ci] + 2ei[C2] + J^i?i = (---)/i' 

By comparing the degrees, we know that the right hand side is (3eie2 — 2r)/i"'~^. 

Note that if the statement of (b) holds for each pair (Ci^j, C2j) where Ci^i is a component 
of Ci and C2J is a component of C2, then the (b) holds for (Ci,C2). This means that we 
proved (b) when all components if Ci and C2 are smooth and the components are pairwise 
well-positioned. 

To prove the theorem in full generality, we need the following 

Lemma 4.4. Let B/k be a smooth projective curve. Let y € Zp^i{X x B) be an algebraic cycle 
of relative dimension p (over B). Let 7 : B{k) — )• CHp(X) be the map induce by y. Assume 
that there exists a Zariski open U C B such that 7 is constant on U , then 7 is constant on B. 

The proof of this lemma is easy since any closed point of B is rationally equivalent to a 
linear combination of points of U . 

Observation L: If [C] G T^'^ is a smooth point and Wj*^^ ^ 0, then (a) holds for C. 

Set z = {2e - 3)Z + Y e CW~^{X x -^^-f). We can pick a smooth curve B that maps 
to "H^Q^ and connects [C] with a general point. Then we apply Lemma 14.41 with y being the 
pullback of z. Since (a) holds for a general point of B, then the lemma implies that it holds 
for all points of B, whose image are smooth points of T^y Completely similarly, we have the 
following 

Observation II: Notations as in (b). Let [Ci] € ^Ci,C2 be a smooth point, where Fcx,C2 ^ 
is the subscheme of curves meeting C2 in r smooth points. If (b) holds for (C(,C2) for 

a general point [C[] € Tci,C2J then (b) holds for (Ci,C2). 

We first prove (b) in it's full generality. Step 1: we assume that C2 has smooth components. 
Without loss of generality, we assume that C2 is smooth irreducible. We can attach sufficiently 
many very free rational curves C'^ to Ci at smooth points and get C = Ci U(UjCj') of degree e' 
and genus g' = gi, such that (i) The deformation of C in X, fixing the points where the curve 
meets C2, is unobstructed, see |Kol| II. 7.; (ii) The pairs {C[,C2) are all well positioned; (iii) 
For a general point [C] G Tc' ^c^i P^i^ ^2) is well-positioned. Note that (i) implies that 
\C'\ G ^c',C2 ^ smooth point. Furthermore, (ii) and (iii) imply that (b) holds for {C-,C2) 
and (C, C2). By observation II, we know that (b) holds for (C",C2). Then by linearity, we 
know that (b) holds for (Ci,C2). Step 2: general case. We can repeat the above argument 
by attaching very free rational curve to one of the curves. 

So for (a) with C being general, the only case we need to verify is when U^'^ = or 
[C] G W'^ is not a smooth point. In either case we can attach very free rational curves Ci 
to C at smooth points and get a curve C = C|J(UjCj). We may assume that the following 
conditions holds: (i) The deformation of the curve C in X is unobstructed and hence gives a 
smooth point [C] G ; (ii) the pair {C,Ci) has finitely many generalized secant lines Ei^g 
of multiplicity Oj^s! (iii) Each pair {Ci,Cj) is well-positioned with secant lines Lij^g', (iv) Each 
curve Ci is well-positioned with secant lines Lj^^; (v) A general point [C] G H^qi^ corresponds 
to a well-positioned curve C C X. By observation I, (i) and (v) imply that (a) holds for C , 
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i.e. 

m 

j i is i,j s is i=l 

is a multiple of By (iv), we have 

(2ei-3)a + ^L,,, = 

s 

By (ii), we have 

2eiC + 2eCi + ^ ai^sEi^s = (• • • 

s 

By (iii), we have 

2eiCj + 2e,C, + ^ L,,- , = (• • • i < j 

Let i (and j) run over all possible choices and sum up the above three equations, then take 
the difference of that with the first big sum above, we get (a) for the curve C. 

To prove (c), let Lj be the (generalized) secant lines of C and bi be the corresponding 
multiplicities. Then by (a) for L U C, we have 

(2e - 1)(L + C) + Y,hLi + Y,(^^Ei = (■ • • )K''-^ 

By (a) for the curve C, we get 

{2e - ?,)C + Y,biLi = (•••)/!""' 

Then we take the difference of the above two equations and get (c) . □ 

Proof, (of Corollary 14. 3p . Let C C X be an irreducible curve on X. First assume that C 
is smooth and has finitely many secant lines. Then (a) implies that (2e — 3)C is an integral 
combination of lines. We choose a line L such that (C, L) has finitely many secant lines, 
then (b) implies that 2C is an integral combination of lines. Hence C itself is an integral 
combination of lines in CHi(X). If C has infinitely many secant lines. Then we attach 
sufficiently many very free rational curve Ci to C and get C = C|J(UjCj) such that (i) the 
class each Ci can be written as integral combination of lines; (ii) The deformation of C in X 
is unobstructed; C can be smoothed out to get a complete family vr : S* — t- i? to a smooth 
complete curve B; (iii) is the curve C and a general fiber Sb is well-positioned on X. By 
associating the secant lines of S*;, to the point 6, we get a rational map ipQ : B Sym'^^(F), 
where F = F{X) is the Fano scheme of lines on X. Pick a general line L on X. By associating 
the secant lines of {L,Sh) to 6, we have a rational map (po : B Sym"'^{F). Both of the 
two maps can be extended to the whole curve B and get morphisms (p and 4>. Assume that 
v(^o) = '^0'i[Li] and (j){bo) = Yla[[Ei]. Then the Lemma H7il implies the following equalities 
hold in the Chow group, 

(2e' - 3)C' + OiU = {■■■ )/i"-2 

and 

2C' + (2e' -l)L + Y, biE^ = (• • • )/i"-2 

Hence C is an integral combination of lines. This implies that C itself is so. 

When n > 4, the scheme, F = F{X), of lines on X is smooth irreducible. This shows that 
algebraic equivalence agrees with homological equivalence for 1-cycles on X. When n > 6, 
the scheme F = F{X) is a smooth Fano variety, see Theorem 15.11 This implies that F is 
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rationally connected, see |KMM| and [Cam] . Hence all lines on X are rationally equivalent to 
each other. □ 

5. Fano scheme of lines and intermediate Jacobian of a cubic threefold 

In this section we first review some geometry of the Fano scheme of lines on a cubic 
hypersurface and then collected some known results about intermediate Jacobian of a cubic 
threefold. 

5.1. General theory on Fano schemes. Let X C be a smooth cubic hypersurface 
over an algebraically closed field. Let F = F[X) be the Fano scheme of lines on X. Let V = 
H'^(P", 0{1)). By definition, F{X) can be viewed as a subscheme of G(2, V), the grassmannian 
that parameterizes all lines on P". Let 

(30) G(l,2,y) — ^G(l,y)=P" 



G(2,y) 

be the universal family of lines on P" = P(y). Let s € Sym'^ V be the homogeneous polynomial 
defining X. Then s can also be viewed as a section s of 7r*/*C?pn(3) = Sym^((f2)) where S2 
is the universal rank two quotient bundle on G{2,V). Then F C G{2^V) is exactly the zero 
locus of s. 

Theorem 5.1. (' [AKj ) Notations as above, then the following are true 

(a) F is smooth irreducible of dimension 2n — 6; 

(b) The dualizing sheaf up = Of{5 — n), here Of(1) comes from the Pliicker embedding of 
G(2,y). In particular, if n > 6 then F is a Fano variety. 

5.2. Intermediate Jacobian of a cubic threefold. In this subsection we fix X C P^ = 
¥(V) being a smooth cubic threefold and we assume that char(A;) 7^ 2. Let F = F{X) the 
Fano surface of lines on X. Let 

(31) P— 



be the universal family of lines on X. Let / C X be a line on X and [I] be the corresponding 
point on F. Let ^ijx be the normal bundle. Then we have the following short exact sequence 

^ .yVijx ^ -^/P4 ^ -^/P4 |i ^ . 

Since ^/p4 ^ 0(1)®^ and J^x/fAi = C(3), we get J/ijx = or 0(1) 0{-l). The line I 
is of first type if = O^; otherwise, / is of second type. Let d F he the locus whose 

points are all lines of second type. The condition for / to be of second type is equivalent to the 
existence of a plane 11 C P*^ such that 11 • X = 2/ + ^' for some other line V d X, see Lemma 
1.14 of |Mul| . A point x E X is called an Eckardt point if there are infinitely many lines 
through X. We know that there are at most finitely many of such points, see the discussion 
on p.315 of [CG] . 
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Proposition 5.2. ("[CGI, [Mul], [AKj ) The following are true 

(a) We have a canonical isomorphism Qp = (^2\f; 

(h) Dq is a smooth curve on F whose divisor class is 2Kf; 

(c) The ramification divisor of f in diagram ([3T]) is given by R = tt~^Do C P. If we write 
B = f{R) C X, then B is linearly equivalent to 30h, where h is a hyperplane section of X; 

(d) We have the following equalities 

h^{F,OF) = l, h\F,OF) = 5, h^{F,OF) = 10, 
h°{F,u;F) = W, h^{F,ujF) = 5, h^{F,ojF) = l 

Proof, (a) is proved in [AKj (Theorem 1.10); (d) is proved in [AKj (Proposition 1.15). For 

(b) , we note that smoothness of Dq is Corollary 1.9 of |Mulj and the class of Dq is computed 
in |CG] (Proposition 10.21). If [/] € Do, then H°(l,^/x) does not generate J^i/x- This 
implies that infinitesimally / only moves in the 0{\) direction of ^ijx- Hence / ramifies 
along 7r~^([Z]). If [I] ^ Dq, then J^iix is globally generated and / is etale along 7r~^([/]). 
Since X has Picard number one, to know the divisor class of B, we only need to compute the 
intersection number B ■ I for a general line / C X. By the projection formula, 

B-l = {f,7r*Do) ■l = Do- {7rJ*l) = 2Kf ■ Di, 

where Di C F is the divisor of all lines meeting I. It is known (see [CGj . Section 10) that 
Kf is numerically equivalent to 3D; and (Di)'^ = 5. Hence we have B ■ I = 30. This proves 

(c) . □ 

Definition 5.3. Let T/k he a variety, then the group of divisorial correspondence, Corr(T) 
is defined to be 

CorrfT) = ^'^^^ ^ 

^ ^ PlDiv(r)+p^Div(r) 

For the Fano surface F, there is a natural divisorial correspondence / € Corr(F), called 
incidence correspondence. To be more precise, we have the universal line P C X x F. Let p 
and q be the two projections from XxFxF to XxF and r be projection to F x F. Then 

I = r,{p*P ■ q*P - Pq) 

where Pq = {{x, [I], [I]) : x £ I}. Equivalently, / is the closure of all pairs (/i,/2) of distinct 
lines such that li meets 12- Then / induces a homomorphism A/ : Alb(-F) Pic^T'. 

Let Ai(X) be the group of algebraic 1-cycles on X that are algebraically equivalent to 
modulo rational equivalence. Let <f : Ai{X) A he a homomorphism from Ai(X) to 
an abelian variety A. The homomorphism (p is said to be regular if for any algebraic family 
Z C X xT of curves on X parameterized by T, the rule 1 1-^ ^{[Zt] — [Zto]) induces a morphism 
from T to A. The homomorphism ip is said to be universal if for any regular homomorphism 
ip' : Ai{X) — )■ A' to an abelian variety A', there is a unique homomorphism ip : A ^ A' oi 
abelian varieties such that (p' = ipoip. By the main result of |Mu3] . there is a universal regular 
homomorphism ipo : Ai{X) — ?> J{X) from Ai{X) to an abelian variety JiX). In [Mu2j . J{X) 
is naturally realized as a Prym variety. To be more precise, let / C X be a general line 
on X and A be the smooth curve of genus 11 that parameterizes all lines on X meeting /. 
We use Si to denote the surface swept out by lines parameterized by A. There is natural 
involution a on A. Here o"([^i]) is defined to be the residue line [I2] of / U li. Let A = A/a 
be the quotient curve which is a smooth plane quintic, hence of genus 6. The involution a 
induces an involution i : J(A) >/(A). The Prym variety associated to A/ A is defined to 
be Pr(A/A) = Im(l - i) C J(A). Theorem 5 of [Mu2] says that J{X) ^ Pr(A/A). There is 
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a natural principal polarization on Pr(A/A) whose theta divisor H is half of the restriction 
of the theta divisor from J(A), see part iii of [Mum]. This induces a principal polarization 
on J{X) whose theta divisor will be denoted by G. It is shown in Section IV of |Mu2j that 
the principal polarization O essentially comes from the Poincare duality on II^(X). Here 
H^(X) = H^(X, Qi) is the £-adic cohomology with £ / char(/c). 

Definition 5.4. We define the intermediate Jacobian of X to be J{X) together with the 
principal polarization Q. 

Remark 5.5. When A; = C the above definition agrees with the classical definition using 
Hodge theory, see }CGj . See |Mu3j for a proof of this fact. 

Suppose that we are given a family Z — )• T of algebraic 1-cycles on X. We have a natural 
homomorphism '■ Ao(T) — > Ai{X) by sending a point of T to the class of the 1-cycle it 
represents. Since ipo : Ai{X) — > J{X) is regular, the composition ipo o "^t '■ T J{X) is a 
morphism and hence it induces a homomorphism 

iPt ■■ Alb(T) ^ J{X) 

of abelian varieties. Both and Vt will be called the Ahel-Jacohi map. In particular, we 
have the Abel-Jacobi maps tpp and ^ p associated to the Fano surface F. 

Theorem 5.6. i^ |CGj . [Mu2] . [Beal] , |Bea2j ) Let X/k be a smooth cubic threefold and char (/c) ^ 
2. Let F = F{X) be the Fano surface of lines on X . Then the following are true. 

(a) The incidence correspondence I € Corr(F) defines a principal polarization on Alb(-F). 
Namely, Xj : Alb(F) Pic^ is an isomorphism. 

(b) The homomorphism (pQ : Ai{X) J{X) is an isomorphism of abelian groups. 

(c) The homomorphism induces a isomorphism 

ijjF : Alb(F) ^ J{X) 
as principally polarized abelian varieties. 

(d) X is completely determined by J{X) together with the polarization. 

Proof. For (a), see Theorem 8 in |Mu2| . We use the realization of J{X) as Pr(A/A). Let 
Xi be the blow-up of X along the general line / C X. Then the projection from I defines a 
morphism p : Xi — > . This makes Xi into a conic bundle over and A/ A is the associated 
double cover. Then by Theoreme 3.1. of [Beal] . we get Pr(A/A) = Ai{Xi). Since / = P\ 
we also have Ai{Xi) = Ai{X). Hence (b) follows easily. For (c), it is known that ipp is 
an isomorphism, see Theorem 7 of |Mu2j . Hence we only need to track the polarizations. 
Fix sq & F then we have the Albanese morphism a : F Alb(F) which sends sq to 0. Let 
/ = ^ppoa. Then by Lemma 7 of pvlu2j . we know that (/ x /)*€) = I, where 9 C J{X) x J{X) 
is the divisorial correspondence on J{X) that induces the principal polarization. By passing 
to the Albanese variety, the above fact says that the polarization on J{X) pulls back to the 
polarization A/. The statement (d), also known as "Torelli theorem", was first obtained in 
|CG] for k = C and then generalized to the general case in [Bea2] . □ 

6. Intermediate jacobian of a cubic threefold as Prym-Tjurin variety 

In this section, we use the relations among 1-cycles to study the intermediate jacobian of 
a smooth cubic threefold X. To be more precise, we show that the intermediate jacobian is 
naturally isomorphic to the Prym-Tjurin variety constructed from curves on X. Throughout 
this section we fix X C P^, to be a smooth cubic threefold over an algebraically closed field. Let 
F = F{X) be the Fano surface of lines on X and I C F x F he the incidence correspondence. 
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Definition 6.1. Let T be a smooth curve which might be reducible. Let J = J(r) be jacobian 
of r. Let z : J — )• J be an endomorphism which is induced by a correspondence. Assume that 
i satisfies the foUowing quadratic equation 

(32) + = 

for some integer q>l. Then we define the Prym-Tjurin variety associated to i as fohows 

(33) Pr(C7, i) = Ln(l - i) C J{C) 

Now Let C be a possibly reducible smooth curve on the cubic threefold X. Assume that C 
has only finitely many secant lines. Let C be the normalization of the curve that parameterizes 
all lines meeting C. Hence we have a natural morphism r] : C ^ F. Let D{I) = [r] x rj)*! 
be the pull back of the incidence correspondence of F. Let io : J = J{C) — > J be the 
endomorphism induced by D{I). Let [L] G C be a general point and Li be all the secant lines 
of the pair (L, C). Let U C C he the dense open subset of lines L such that (L, C) has finitely 
many secant lines Lj. The association 

defines a correspondence Du on the dense open subset U of C. Let D C C x C he the closure 
of Du. 

Definition 6.2. A smooth complete curve C C X is admissible if the following conditions 
hold: (i) C has only finitely many secant lines; (ii) if a line L meets C, it meets C transversally; 
(iii) C meets the divisor B C X (see Proposition 15. 2p transversally in smooth points of B. 

The following lemma will be needed in later proofs 

Lemma 6.3. Let x (z X be a general point and Lj, j = 1, . . . ,6, be the six lines on X passing 
through x. Then 

Y,L, = 2h- 

i 

in CHi(X), where h is the hyperplane class on X. 

Proof. Fix a line L = Lq passing through x. Let Ft, t G T, be a 1-dimensional family of lines 
on X such that Et^ = L^. By choosing Ft general enough, we may assume that {L,Ft) is 
well-positioned for t close to but different from to- Let Ltj, j = 0, ... ,4, be the secant lines 
of (L, Ft),t^ to. By (b) of Theorem [421 we have 

4 

2Ft + 2L + J2 = 

j=0 

Not let t — > to and assume that Ltfi specializes to the residue line Lq of L5 U Lq and Ltj 
specializes to Lj for j = 1,2,3,4. By taking limit, see §11.1 of [Ful] . the above identity gives 

4 

2L5 + 2Lq + Lo + J2 = 



Since Lq + L^ + Lq = h"^ , the lemma follows. 



□ 
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Theorem 6.4. Assume that char (A;) ^ 2. Let C = UCg C X be an admissible smooth curve 
of degree e. Assume that all components of C are rational. Let C be the normalization of the 
curve parameterizing lines meeting C as above. Let i = io + 1 € End(J). Then the following 
are true. 

(a) The endomorphism i satisfies the quadratic relation (132p with q = 2e. 

(b) The correspondence D € Corr(C') is symmetric, effective and without fixed point. The 
endomorphism i is induced by D. 

(c) Assume that char(A;) \ q. Then the associated Prym-Tjurin variety Pr(C,'i) carries a 
natural principal polarization whose theta divisor H satisfies the following equation 

where Q is the theta divisor of J. 

(d) Assume that char(A;) \ q. Then the Abel-Jacobi map ifjj : J J{X) factors through 
Pr(C, i) and induces an isomorphism 

uc ■■ Pr(C,i) ^ J{X) 

as principally polarized abelian varieties. 

Proof. To prove (a), we consider the following commutative diagram 
(34) j^j^ Alb(F) 




A, J{X) 




Here the map J{X) — ?> ^ic^p is induced by the map Ai(X) — )■ Pic(F) which sends a curve on 
X to the divisor (on F) of all lines meeting the curve. Let [L], [L'] E C be two general points 
from the same component such that the pair {C,L) (resp. {C,L')) is well-positioned. Let Ej 
(resp. Ej), J = 1, . . . , 5e — 5, be all the secant lines of the pair (C, L) (resp. (C, L')). Let Lj 
(resp. L'j), j = 1, . . . , 5, be the other five lines on X passing through C (1 L (resp. C PI L'). 
Then by (f271) (and also ([261) if C is disconnected), we have 

5e— 5 5e— 5 

(2e -l)L+Y, Ej = (2e - 1)L' +Y.E'^. 

Note that iQ{[L\) = D{L){[L]) = Y.]^][Lj\ + Y.[Ej] and that L + X;5=i Lj = 2/1^, see Lemma 
16.31 Then we get 

o r?, o (,o + q)m - [L']) = 2e{L - L') + ( J] L, - J] L'^) + ( J] E^ - J] E'^) 

= 2e{L - L') + {L' - L) + (1 - 2e)(L - L') 
= 



Since V'F is isomorphism, this implies that 

(35) 7/* o (io + g) = 
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Hence 

ioiio + q) = rj* o Xi o T]^ o {i^ + g) = 0, 
which is the same as the quadratic equation (|32p . By construction, we have 

(D{i) - D){[L] - [L']) = ^[L,] - Y^i^] = -m - [L']) + m + Y,[L,]) - {[L'] + J2m]) 

We also know that ([L] + J^i^j]) ~ iW] + puh-back of x — x' on C, where 

X = L f] C and x' = L' D C. Since C has rational components, the class of x — x' is trivial. 
Hence we get 

{D{I)-D){[L]-[L']) = -{[L]-[L']). 

This implies that i is induced by D. By definition, D is symmetric and effective. We still 
need to show that D is fixed point free. If [L] € C is a fixed point of D. Let x be the point 
of L meeting C. This is well defined even if L is a secant line of C. This is because when L 
a secant line of C, the point [L] of f~^C is a nodal point, here / is the morphism in ()3ip . 
Hence [L] gives rise to two points [L] and [L'] of the normalization C corresponding to the 
choice of a point of L n C. Let H be the plane spanned by the tangent direction of C at x 
and the line L. The condition [L] € D([L]) implies that H ■ X = 2L + L' . This implies that 
L C B and C is tangent to B at the point x. But this is not allowed since C is admissible. 
The statement (c) follows from (b) by applying [Kan| (Theorem 3.1.). Furthermore, (c) 
implies that ker(i — 1) is connected and equal to im(i + q — 1), see Lemma 7.7 of |BM] . 
Hence in diagram (|34p . the morphism r/^, factors through Pr(C,i) via iq. In this way we get 
u'f-, : Pr(C, i) Alb(F) such that u'q o zq = -q^^. We take uc = ipF ° u'c- Hence we only need 
to prove that u'q induces an isomorphism between principally polarized abelian varieties. To 
do this, let : C ^ ^ = Alb(i^) be the natural morphism (determined up to a choice of a 
point on C). After identifying A with J{X), we have 

(36) ipiDilL])) = ^V([^*]) = YLi = (1 -2e)L - 2C7 + const. = (1 - g)V'([L]) + const. 

Also notice that r/* is epimorphism (since r/(C) is ample on F). By a theorem of Welters (see 
Theorem 5.4 of [Kan] ), this condition together with (|35p implies 

(37) MC) ^ (qme^ 

where is a theta divisor of A. Then by Theorem 5.6 of [Kan], we know that {A, 9) is a 
direct summand of (Pr(C, i),H). But we know that rj* o A/ is surjective, hence has to be 
an isomorphism. □ 

Now let Ci and C2 be two smooth admissible rational curves on X which do not meet. 
Let C = Ci U C2 be the disjoint union of two admissible curves and assume that C is again 
admissible. We use the a subscription for notations of the corresponding curve. So we have 
Ci, C2, C = CiU C2 and correspondingly Ji, J2, J = Ji J2- Assume that char (A;) f qiq2- 
The correspondence D on C can be written as 

\D21 D2 J 

Let [L] € Ci, then D2i{[L]) = ^[Lj] where Lj are all secant lines of {C2,L). We also see that 

'Di2=D2l. 
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Proposition 6.5. Let notations and assumptions he as above. Then the following hold 
(a) The induced morphism D21 : Ji — )■ J2 fits into the following commutative diagram 



12-1 



(h) The following equalities hold 

D2i{ii + qi-l) = {12 + q2- 1)-D2i 







Also we have Im(Z)2i) = Pr(C'2,^2) C J2 and the endomorphism D21 factors through ii — 1 : 
Jl Pr(Ci,ii) and induces an isomorphism 

t2i : (Pr((7i,n),Si) ^ (Pr((72,i2),H2) 



of principally polarized ahelian varieties. 

(c) The isomorphism t2i is compatible with uci and UC2, namely 0^21 



Proof. By (a) of Theorem 16.41 we know that (D — + (7 — 1) = as an endomorphism of 
J. This can be written in the following matrix form, 



(38) 



q2{ii - 1) + L'12^'21 {ii - l)Di2 + Di2{i2 + q-l) 

D2i{ii +q-l) + {i2- l)D2i D21D12 + qi{i2 - 1) 







In particular, we have 1)21(^1 +9 — 1) + (*2 — ^)D2i = 0. This is the same as the commutativity 
of the diagram in (a). If we write Pi = Pr(Ci,zi) and Qi = Im(ii + q — 1) C Ji. Then 
Jl = Pi + Qi and ii\pi = 1 — gi, ^iIqi = 1, see [BM] , Hence the morphism ii + g — 1 is 
surjective. This implies that Im(Z)2i) C P2 = Pic{C2,i2), which implies {12 + q2 — 1)-C2i = 0. 
Hence we get the following commutative diagram 

Jl^P2 



n+g-1 



Jl 



'D2 



-92 



P9 



Thus 92-^21 (a) = D2i{ii + q — l){a) = D2i{qa), i.e. qiD2i{a) = 0, for all a G Qi. This 
implies that D2i{ii + gi — 1) =0. Hence D21 factors through Pi and gives the morphism 
^21 : Pi P2, i-e. t2i o {ii — 1) = P'2i- One easily verifies that -D21IP1 = —Qit2i- We have 
similar identities for D12 and ti2. Note that the equations of the diagonal entries of (j38p lead 
to the following 

(P'i2P'2i)|Pi = qiq2, (-D2iP>i2)|p2 = 

These relations give ^21^12 = 1 and ti2i2i = 1- The compatibility of t2i and Uj = tic*, is an 
easy diagram chasing from 



Jl 



D21 



P-? 



ii-l 




U2 



"J2 



Pi 



-E. J(X) 
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Note that ui o (^ii — 1) = ^pj^ and the up left triangle, the right square and the outside 
square are all commutative. Then one easily sees that (72(1*2 ° ^21 — ui) = 0, which implies 

U2 o t2l = Ul. □ 

Corollary 6.6. Let C C X be a smooth admissible rational curve and char(fc) | q. Let L and 
L' be two lines without meeting C. Let Li (resp. L'-) be all the secant lines of the pair (L, C) 
(resp. iL',C)). Then 

^[L,]-^[L^]GPr(C',i)c J 

Proof. Choose another smooth admissible rational curve Ci that meets both L and L' transver- 
sally in a single point. Take C2 = C, then the left hand side is just D2i{[L] — [L']). □ 

Fix a smooth admissible rational curve C G X such that char(A;) | q. The above corollary 
allows us to define a map 

v'c : A,{X) ^ Fv{C,z), L - L' ^ ^[L,] - ^[L^] 

Corollary 6.7. The above map induces an morphism vc '■ J{X) Pi{C,i) = P, which is 

the same as . 

Proof. We have the following commutative diagram 

J{X) J — ^ J{X) 




Then we have —que o vc = ipj o j o vc = ~q on J{X). This implies that uc o vc = ^. □ 

Now we study the Abel-Jacobi map associate to a family of curves on X. Let C {X x T) 
be a family of curves on X parameterized by T. The Abel-Jacobi map t/'T associated to this 
family is given by sending t to the class of '^f Assume that for a general point t eT, the curve 
'^t docs not meet C and the pair {'^t, C) has finitely many (generalized) secant lines. The rule 
associating all the (generalized) secant lines of {%,C) to the point t defines a correspondence 

^T,c - T —^C 
Up to the choice of a base point of T, one gets a morphism 

^r,j:T^J 

Proposition 6.8. Let T and '^j, j be as above, then the following are true 

(a) The image of^rpj is in P = Pr(C', z) C J. 

■Si - 

(b) The composition T ^ P *- J{X) is identified with the Abel-Jacobi map tpT- 

Proof. By definition, j(i) = u^('^t). Then the proposition follows easily. □ 
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